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55.3 The relationship between measure theoretic entropy
and topological entropy.

· Recall that for a TDS (X , T),

h(T) = suphST, 2)
where a ranges over all open covers of X,

h(T, d)=im log
where I(2) = the smallest number of members ofa

thatsan cover X
.

Notice that for two open covers G , B of X .

we write >B if each member of B is

the subset of a member of G .

Clearly N() < N/B) if 2 B ·



· Lem5. 4
.

Let (X
,
T) be a TDS , and let (2n)

be a sequence of open
covers of X With

diam (Gn) -0 .

Then
h (t) = lim h(T, d)

Of . LetI be an open cover
and let 80 be

a Lebesque numberSi .e . any set AEX with

diamAsS is the subset of a member in G).
Now ifIn is an open cover of X with

diam(n)8 ,

then 2 sGn.

Hence2 for all REN

which implies that

N/2)N)
and So



h(T
,
2) = G(T, (n)

.

Hence h(T.2)-m hTd
Thus
h(T)-hT)t(t,d) -> h(T)

.

H

· The following fundamental thm was due to Goodwyn in 1968

Thm 5.5
.

Let (X , i) be a TDS ·

Then

h(T) = sup[hm(T) : MEM(X ,T1) ,
where M(X , i) denotes the collection of T-invariant Bonel.

Prob , measures on X .

Recall that hy(t) = suph
where G ranges over all partitions of X ,

hp(T, 5) = Im



To prove
Thm 35

,
we need the following lemmas.

Lem 5. 6. Let X be a compact metric space
and MEG(X).

1) If xeX and So
,
then Fo8'ss such that

M(2B(x ,8)= 0 .

2) If 80 , E a partition (H, " , Amy of (X, B(X)

such that diam(Ail>8 and te((Ail) = 0.

Pf . 111 It is clear since we don't have an uncountable collection

of disjoint sets of positive measures.

(2) By us , we can find a finite ocen cover

& U, " Umy of X by balls of radius

and M) aWil = 0·

Set A = E
,
An=F , As = )([vE), ...

Then a(Ai)<G ·

Hence MCAl=

↑
(check : "*xG(Ai) , supposethatNr).

I

Then xe U ; and d(x , Uj) 20 for all Jai . (see Figh)
Hence x = int) Ail .)



⑳
Fig I

Borel

clearly [A , " , Amy is apartition of X.
#

Proof of the upper bound : tp(T) -> h(T) for all MEM(X,T) .

Pf . Let petM(X,T) . Get S = SA, " , Ar] be a finite

Bonel partition of X .

Choose 320 such that

EstogE
For each is
Choose compact Bi Ai with MJAilBil < S.

Take Bo = X/ B .

Then Bo is open.

Moreover B = /BoUBI
,

BoUBI
,

-

, BoUBmg is an

open cover of X.



Let y = & Bo , Bi, " , Br3 .

Then y is another partition

of X.
(P(x) : = =xlogx) .

Moreover

↑(3())= Fi(B)d)BA
= M(Bol.Bot ↓

(by Jensen's inequality)

H(BoSologR SSince for iFO,A
GlogR =oor

Hence hu(t,3) for(T, y) + H(3/y)
-> hu(T, y) + 1

.

①

Next we compare hu(T, y)
and h(T, B) .

Notice that each member in Fig
is of the form (BoUBe) & T(BooBiz) ... nTh uBin)

which intersects at most 2"many members
intig.



Hena M)D
But

logN) Fig)Hi
& add a simple lem about

this) .

Hence

Hig) log()) · 24
It follows that

h(T, y) < h(+,) + log2

This combined with O yields

hu (T, 3) = h (T, g)+ Hm(5(b)

- It h(T
, 9) + log 2

& h(+) + 1 + log2 ·

In the above inequality , replacing + byTh, and

3 byfig gives



hp)thFig) = h(+ ) + 1 + log2

It is easy to
check that

hp(his) = nhu(t, 3)
and also

h(t") = nh(T) See theustificationafter
theposa

Hena

nhp(T, 3) -> nh(T) + It log2,

i

.e. [ (T, 3) = h(T)+ogh

Letting n+ O gives hu(T, 3) G(T)
·

Hence hu(t) = suphu(T, 3) =h(T).
3

This proves the upper found. El



Lems .7. Let (X
, T) be a TDS. Then for each ne NT,

h)+") = nh(T).

Pf. Leta be an open cover of X and nEN.

Then 2s
Hence

h(T2) < (th +2)
= nh(T

, 2)

< nh(T).

Hence

G(+" ) = Suph(a) nh(T).

On the other hand,

nh(T,2) = h(tia) - G(T")
Hence

nh(t) = supnh(T, 2) : h(T") .

This
proves that

"uh(T) = h(Thp
.
#.




