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The re Iatfonshil) Le{weeu measurR ‘Hneov'e{'x‘c en{‘\mrv}‘

ond 'f:ol)oloa,‘m.a entro‘)a_
Reall thet for a TDS (X, T),
(M = sup h(T,q)
where o ronses over all open Covers o{l X

(T d) = hm —L Iog_N(

where N (d) = ﬂw. .Sm«“efl' numsz a.s. Vnem'ozlrs o% &
thet can cover X .

Notice 'tl\at ]Cor two olbeh couRrs &‘) (3 °$— X,

We write A< F LF QO.LL\ r\nem'ozv\ oj- 53 I3
the subsel of o member of .

Clew\y N(d)$N(§5) L o\<@.



Lem 54. Let (X, T) be & TDS, and let (Qn)
be o setlu.o.ua 08- o')eh Covers of X With
diam (dn) =0

The
" ﬂ(T) = linm ﬁ(‘l‘, dn)

>

P, Let A be an o‘beh cover and let §v0 he
e LeLesaw- number (e, any set ACY with
diam A< § 15 the subset »g o member ind. )
Now iff  dn 1% an oren cover of Y with
dsam(dn)<§
then cl < dn.
ow VT < VT, ke,

<o

U)tu‘.c.l‘\ I'W\rlt,es that
N( \/ T d ( \/ T\O)-h

omd Sso



B(T,2) ¢ R(T, an)
lina 'ﬁ(T,&n

T

Hena 'ﬂ(T,d.) <
Thus , —
H(T) s Lok f(Tda) s lim B(Td) € RCT).

o

The If.':llowfng Funclawunt«Q thm wos due to Gooauyn m 1968

Thm 55, Let (X, T) be o TDS. Then

() = s Bu(m s keMTIE
where M(X,T) denotes the collection 05: T- ihOahant Borel_.

Prob. tensures on X

Recdl thet  Rucr) = of B(7.%)
whe Q, ranges over ol| F“Vi'\t"‘ms of X )
*ﬁp('rlg)_ limn -+ H( \/ T g)

h3w



To prove Thm 55,  we heed tha fallown\g lemmasg

Lem 5.6, Let X be o compact mebuc spaca and e P(X),
O I xeX and §50, HBan I o(5'<§ sudh that
M (s B(x.5')=0.
@) If §vo, 3 o pavkitin {A, - Ac) of (X, $C0)
Suchthat  cbom (A;)<s  ond H@(A:))W.

PF _ () It 1% clear sinee we dow't have an uncountable collectn
’fr J,ﬁ\]oin‘t se’(s °S— POS;H\IQ meanuyres .

@) ?)1 (1), we Can P;‘ml O ]e:‘m‘fe 6Jen Couvenr
{ u'/‘“’ Um} o} X b\y La,“g oS— chlfu,s < %
ond  u( 3U;)=0.
Set A, = U'/ A, = U’_\U,) A5= D;\@U L—)z.)’ .
m
Then Q(A;) c U OUJ'. Hena }4( 3A) =0,

Nl
- m
(chek: “xe o(ar). Suffore that  x ¢ %{,"(Uk).

TLM X € Uf and d(x, UJ) >0 {av al| J\<l‘. (Set F“Qi).
Heww  xe& int(A)) )



U,

Fiq ¢
? Borel.

CleM}) {AU -, Am} 0 Q\?‘qvh‘ho\n Og_ X
@

Proof of the Upper bound : A7) < R(T) for all pe (X, T)

PF Let Hﬁ M(X,T). Let g: {A,) Sen) AR} be O ‘Fn‘nii'ﬁ
Bowel lba'ﬁﬂon of X Choose §€>0 sud that

€< R logR
For each 1,
Choose comlmd' B; © A; with A;\B;)<£_
R \
Take B, = X\ iLllB' Than Bo 3 ot)en.
Moreoven B=§B°U BI'/ BoUBi) oea BDUBh} IS an

oFen cover of X |



Let b= $ 8,8, B}, Thu J s Qnothor P«v{\‘hoh
4 X
Moveouer ( $eus=-logx ).
S S H(8;i 0 A)
Hu(m): Fo Jz=u (&) 4)( (8 )

= B Z (“‘B”A“) 2

(by Tencen'’s metiud.dy) H( Bo) H(B,‘(\ AJ)

=0 orl
s ¢ ﬂll"fk $or all >

Hera ‘?\P.(T, 5y s B(T 0+ H(ilﬂ)
< EH(T, D)"’ 1.

©

NQXt we Com')ar‘e ﬁH(T’Y)) ond ﬁ(T’@)

n—l

Notice thot each member 1n i= T.lP
(3 o} tha fO"M (B,,U Bq) 0T (Ba Y Bn‘,_) 0 -0 T—?‘g,u B;n)

wM ﬁnbu-su'ts ot MOS't 2" mahj memLeV‘S
S |y S
In V T
i=0 J



h-

.vo Th)

Hens N( 9)

But S
s N 9> H( % 7o)

(add o s.‘mlab lem obout
dhi ) .

ST S B
H( Y T) < (T 2)
It go“l)u") thet

%k(r)n) < R(T §) + log2.

Th combined with @ Yrelds

Fu(T.§) s Au(mo)+Hy (%))
< [+ ﬁ(TIQH- lo}l
< ﬁ(T)-{-I-HO}Z,

Tn ths. above tF\Qﬂu«LH'J Y‘el)laur\\(s T t:j Tt and

h_

V, T8 g

§Bj



h_

B(T, Y T) < B(T") + e leg2

It s eaf)/ to check thet
$.G, \/Tgy— n b (T, 4)

ond olso
Gﬁ(Th) =nh g(T) (S‘ee the J‘ustifi(aflo‘r\ aﬁev tha r\m)

ths ui)P&v Bound .
Hens

nhu(m§) s nBem)+ Ml
ie. ﬂp(T/ﬁ)ﬁ R + t log® ,

n

LeH'n:& v ey R §) € R
Hoo  Ru(m= @ Bund) s Rer).

Thes ()roues the ul)])v-v fou,rxd. 17}



lem57. Lt (X,T) be a TDS, Thu for each e,
H(T") =nR(T).
PF. Let X be an ol)eh Cover of X ond MEIN

n-=|

TLen A < i\=/v T-'\ol.

Hena . -
~?l('l'", d) < .g(T ) |‘\=/on)
= nfi(1,9)
< nh(T).
Henw

f(™ = s« R(T'a) € nR().
A

On t‘u OHM' Ro.ml,
h- \
nf(ta) = BE" Y To) s RE"

‘=
|=0

Henw
n R = s nR(T,e) € R
o

Thus I)roues that ne(T);‘ ﬁ<Th) . a.






